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The free Dirac equation is solved in a Bianchi Type I space-time, which represents a homogeneous
but anisotropic universe, to show the creation of fermionic particles. It is found that unlike in
the isotropic case, massless fermion production is possible. An estimate of the energy density of
massless particles created during an early anisotropic phase of cosmological expansion is shown to
cause substantial back-reaction on the gravitational field. The potential relevance to dark matter
particle production, primordial magnetogenesis, and early universe cosmology is discussed briefly.
I. INTRODUCTION
The quantisation of matter fields in curved space-time
is a rich subject that has been treated extensively since
the late 1960s. In semi-classical gravity, or Quantum
Field Theory (QFT) in curved space-time as it is
commonly called, the gravitational field is classical and
treated using General Relativity while fermionic, gauge,
and scalar fields (collectively called matter fields in this
work) are quantized and treated as a QFT. The curved
background gives rise to a rich variety of phenomenology
not present in flat space-time, such as the creation of
particles by the gravitational field. This is a consequence
of energy not being conserved in the most general
gravitational field. There is no globally defined vacuum
for the entire space-time in the manner one is familiar
with from the treatment of free fields in QFT: a state
of lowest energy containing no particles. Two different
vacuua at two different space-time points will only be
empty with respect to each other in a limited number
of scenarios, representing a major difficulty in the
mathematical setup of the problem. A typical approach
in the literature has been to assume that the space-time
under consideration is asymptotically flat and define
vacuum states in those regions. These in and out vacuua
are inequivalent and each one contains particles relative
to the other - the gravitational field has created particles.
This phenomenon of particle creation by gravitational
fields was first shown by Parker in [1], [2], and [3].
He and several others afterwards (see for example [5])
studied the quantisation of matter fields in isotropic
and homogeneously expanding universes described by
the Friedmann-Le Maˆıtre-Robertson-Walker (FLRW)
metric. It was found, as might seem intuitive, that the
number density of created particles decreases at higher
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masses. One therefore expects that low or zero mass
particle production occurs at a rate quite high compared
to the more massive case, motivating the study of
gravitational particle creation in the massless limit.
However, a major result in FLRW universes is that
massless fermions or vector bosons - such as photons -
are not created gravitationally. The reason has to do
with conformal invariance. For particles of non-zero spin
the mass term is the only one that breaks conformal
symmetry. Therefore, in the massless fermion or vector
boson limit a conformal transformation can be used to
recast the equations of motion in an FLRW space-time
into their Minkowskian forms, in which there is no
gravitational particle creation.
The situation is slightly more complicated for spin-
0 particles. The most general Lagrangian that can be
written on account of renormalizability includes a cou-
pling between the Ricci scalar R (x) and the scalar field
φ:
L = 1
2
√−g
[
gµν∂µφ∂νφ− m
2
2
φ2 − ξRφ2
]
, (1)
where gµν is the metric with determinant g, ξ is a
dimensionless parameter, and a quartic interaction has
been omitted since only terms quadratic in the scalar
field are being considered. Two values of ξ are of
particular interest: the minimally coupled case, ξ = 0,
and the conformally coupled case, ξ = 16 , for which (1)
is conformally invariant when the scalar is massless [10].
Therefore, if ξ = 16 massless scalars are not gravita-
tionally created in an FLRW universe, as was shown
explicitly in [5]. However, there is no a priori reason for
setting ξ = 16 , and for complete generality one should
take ξ to be an arbitrary dimensionless parameter. Of
course this comes at the expense of conformal invariance
for the Lagrangian, meaning that massless scalars will
be gravitationally produced.
2There is a subtlety in the above discussion of confor-
mal invariance that deserves further mention. That one
can perform a conformal transformation which reduces
the equations of motion for massless fermions, vector
bosons, or conformally coupled scalars into their flat
space-time forms is a property particular to the FLRW
metric. The same will not be true of other metrics which
are not conformally flat; even if the equations of motion
are conformally invariant, it will not be possible to re-
duce them to their Minkowskian forms with a conformal
transformation. This was illustrated by Zeldovich and
Starobinsky for conformally coupled scalar fields in a
Bianchi Type I universe, which is spatially homogeneous
but not isotropic [6]. Anisotropy is achieved by allowing
the scale factors of the three spatial directions to differ
and homogeneity is preserved by restricting the metric
elements to functions of time but not space.
The central result of [6] is that conformally coupled
massless scalars are created in Bianchi Type I universe
but that this stops in the isotropic limit. In this current
work I extend this result to spin- 12 fields. It is shown
that massless fermions are gravitationally created in
a Bianchi Type I space-time but that this stops in
the isotropic limit, as one might anticipate from the
preceeding discussion of conformal invariance.
Before discussing the motivations for studying the
creation of massless fermions in an anisotropically
expanding space-time, a brief cosmological detour is
apropos. Particle production in an FLRW space-time is
particularly relevant when the scale factor is increasing
exponentially, for example in an inflationary scenario.
Massless minimally coupled scalars are abundantly
produced during inflation and considered to be the main
source of scalar perturbation while gravitons, produced
because the Einstein-Hilbert action is not conformally
invariant, are the source of tensor perturbations (the
interested reader is invited to consult R. P. Woodard’s
extensive review for a deeper discussion of the sub-
ject [16]). Clearly, standard cosmology, which is well
established experimentally, offers useful mechanisms
for the gravitational creation of massless particles and
one does not have to go to non-standard scenarios
like an anisotropic phase of expansion to obtain such
results. Any massless fermions or vector bosons could be
produced by the subsequent decay of the gravitationally
produced minimally coupled scalars. However, this
would only apply to particles that couple to the scalar
and even then such a process might be highly suppressed.
The main motivation behind this work is that the
gravitational creation of massless fermions or vector
bosons during an anisotropic phase of cosmological
expansion offers an additional way of producing these
particles. This paper starts with a brief review of
the mathematical setup of semi-classical gravity in
Section (II), describing in particular the conditions that
determine the restricted class of space-times for which it
is possible to define a vacuum state globally. Particular
attention is paid to the role of conformal invariance.
In Section (III), it is argued that the equivalence prin-
ciple allows the definition of local vacuua around any
arbitrary point in the gravitational field provided some
reasonable requirements are met. This has the benefit of
doing away with the asymptotic flatness assumption and
being applicable to more general situations of physical
interest. The main result of the paper - the creation
of massless fermions in a Bianchi Type I universe - is
shown in Section (IV). Since any cosmological model
must explain the observed homogeneity and isotropy of
the universe, it is tempting to believe that the effects
of particle production during a very early anisotropic
phase of the expansion will have negligible influence on
the evolution of the universe. However, in Section (V) a
coarse estimate of the energy density of created massless
fermions is found to be substantial for times close to
but not at or before the Planck time. This is the same
conclusion reached for scalar fields in [6], although I do
not attempt a full computation of the energy momentum
tensor. Three examples where massless particle creation
during an early anisotropic phase might be relevant
are also mentioned as concluding remarks. The first
two are that such a phase provides a mechanism for
dark matter production and primordial magnetic field
generation. For the third example, it is argued that
the substantial amount of created massless fermions
around the Planck time deserves further investigation
as it may alter the form of collapse to a singularity of
a hypothetical cosmological contraction phase without
stopping it. This is similar to what was found in [6] for
scalar fields.
II. QUANTISATION IN CURVED SPACE-TIME
A. Killing Vector Fields and Energy
Quantisation in the presence of a classical gravi-
tational field is severely plagued in one major way:
in curved space-time Poincare´ symmetry is broken.
This is problematic because when constructing QFTs,
mostly gauge theories motivated by dark matter and
other phenomena that the Standard Model of Particle
Physics cannot explain, Poincare´ invariance - a term
often used interchangeably with Lorentz invariance in
the literature - is assumed de facto. This allows for
particles and anti-particles to be fundamental concepts
in QFT. A particle or an anti-particle is an excitation
of the quantised matter field that produces a localised
quanta of energy, particles having positive energy and
anti-particles having negative energy. What enables this
unambiguous definition of particles and anti-particles
is the fact that in flat space-time energy is a well
defined and conserved quantity. The quantised fields
3can be written as plane waves of negative (particles) and
positive (anti-particles) frequencies representing positive
and negative energies respectively. This is in turn
related to the fact that the Poincare´ group admits time
translation as a symmetry - energy being the associated
conserved quantity. Intuitively, one may infer that a
space-time - curved or flat - that is invariant under time
translations (meaning energy is conserved) will have a
fundamental notion of particles and anti-particles, even
if the isometries of the space-time in question do not
correspond to the full Poincare´ group. The problem at
hand can hence be formulated as a two part question:
under what conditions is a space-time invariant under
time translations and how does one construct a QFT if
such conditions are not met?
The answer to the first part of this question is of
course well known and the material presented in this
section is intended as a brief summary to motivate the
approach taken in this work to address the second part.
The material presented here draws heavily from the
classic texts [4], [9], and [10] and the interested reader
is invited to consult these references for a more detailed
treatment of the subject, or [17] for a more recent review.
A space-time with a metric gµν and covariant deriva-
tive ∇µ = ∂µ + Γρµν (Γρµν are the Christoffel symbols of
the metric, with space-time labels suppressed for clar-
ity - this will be done throughout this text) is invariant
with respect to time translations if it possesses a time-like
Killing vector, i.e., a vector K satisfying
∇µKν +∇νKµ = 0 (2)
gµνKµKν > 0, (3)
where (2) is the condition that the Lie derivative of the
metric with respect to the vector K vanishes. When
such a time-like Killing vector exists, there will also
be a time-like coordinate, denoted by t here, and it
will be possible to choose a coordinate system in which
the metric is independent of that coordinate. When
setting up a coordinate system for the corresponding
gravitational field, t is therefore a natural choice to
represent time. It is important to highlight here that
conditions (2) and (3) are completely general in the
sense that no assumption has been made about whether
the space-time is flat or curved. In the case of flat
space-time, the covariant derivatives simply reduce to
partial derivatives as the connections vanish.
If the theory is conformally invariant, condition (2)
can be relaxed to that of K being a conformal killing
vector,
∇µKν +∇νKµ = λ (x) gµν , (4)
with λ (x) a scalar function of space-time. For non-
interacting fields the mass term is the only source of
conformal symmetry breaking, with the exception of
scalar fields with a non-conformal coupling to the Ricci
scalar [2]. A space-time containaing only massless
non-interacting fields will therefore be invariant under
time-translations if it possesses a time-like conformal
Killing vector.
The Killing vector K defines energy as the conserved
quantity E,
E =
∫
Σ
KµT
µνdΣν (5)
where repeated indicies are summed over, T µν is the En-
ergy Momentum Tensor, Σ is a Cauchy hypersurface, and
E is independent of the choice of Σ.
B. Field Decomposition, Natural Bases, and the G
Vacuum
Having adopted a coordinate system with the natu-
ral time and found a globally acceptable definition of
energy, one now proceeds with the quantisation of mat-
ter fields existing on that background space-time. The
matter fields, denoted generically by ϕ (x) here, obey
the Euler-Lagrange equations of motion obtained from
the Lagrangian, and, in seeking solutions to these equa-
tions, one considers a basis for the decomposition of the
solutions into negative and positive frequencies, corre-
sponding to particles with positive energies and and anti-
particles with negative energies respectively. There is no
unique way of doing this. However, with the time-like
Killing vector K and coordinate system with the metric
independent of t, there is natural eigenfunction basis ej ,
ϕj (x) ∝ aωjej + a⋆ωje⋆j
LKej = −iωjej
LKe⋆j = +iωje⋆j
where j is a generic label for the quantum numbers used
to describe the field and the full solution is a super-
position of eigenfunctions ϕj . LK is the Lie derivative
of the field with respect to the vector K and ωj is the
energy of the state ej. In the natural basis for the fields
and with K = (1, 0, 0, 0) - K is written using the basis
Vµ = V
µν∂ν for vectors - this reduces to
∂ej
∂t
= −iωjej ,
with e⋆j satisfying the same equation but with a +i sign.
It should again be emphasized that this discussion is
completely general and includes the flat space-time case.
The solutions to the above equation are the exponentials,
ϕj (x) ∝ exp (∓ iωjt), one is familiar with from QFT.
After imposing canonical quantisation on the fields,
the coefficients aωj and a
⋆
ωj
of the basis functions ej and
their conjugates e⋆j respectively will be interpreted as the
4creation and annihilation operators of quantas of energy
± ωj . The energy E being a conserved quantity, a vac-
uum state can now be defined
E | 0 > = 0 (6)
In anticipation of the next section, I will call this vac-
uum a global, or G, vacuum as it is unique on the entire
manifold up to isometries of the space-time. It is a true
vacuum in the sense that it can be unambiguously stated
that it contains no particles. The Fock space is con-
structed by repeated application of creation operators on
the vacuum just like in QFT.
III. THE GENERAL CASE
The discussion until now assumed that the space-time
under consideration possesses a global time-like Killing
vector. This is a rather restrictive. A general space-time
need not possess any Killing vectors at all, let alone a
time-like one. This is a serious challenge to the founda-
tion upon which QFTs are built and, before proceeding
further, it is helpful to understand the full range of sce-
narios that one may encounter. DeWitt gave a compre-
hensive account of these in [4]:
1. There may be no global Killing vector at all, time-
like or otherwise. In the literature, this has been
typically dealt with by assuming that the space-
time is asymptotically flat. Only in those limits can
a meaningful definition be assigned to particles and
anti-particles. The set up includes two asymptotic
and inequivalent IN and OUT vacuua with particle
creation between the two. This may not be very
applicable to most physical situations of interest -
especially in the cosmological context - and one of
the chief aims of this paper is to show that more
general assumptions are possible.
2. Even if there exists a time-like Killing vector, it
may not be time-like everywhere on the manifold.
A typical example is the Schwarzchild metric, for
which K = (1, 0, 0, 0) is time-like outside the event
horizon but space-like inside it.
3. The space-time may admit a time-like Killing vec-
tor only within a limited region. In this case, there
are several vacua - one for every region in which
there exists a time-like Killing vector. DeWitt ar-
gued in favour of a principle of relativity by which
all of these vacua must be equivalent [4]. This is
the principle that will be used in this work for the
quantisation of matter fields in curved space-time.
Using the nomenclature of Chernikov and Tagirov
[5], these will be called quasi, or QX , vacua, with
X the region of space-time in which the vacua are
defined.
The quasi vacuum in is in fact guaranteed for any
arbitrary metric by virtue of the equivalence principle.
At an arbitrary point in a gravitational field, a locally
inertial coordinate system may be constructed for a
small neighbourhood around that point. One must
however be careful to avoid situations where the small
neighbourhood includes a singularity or a horizon. To
steer clear of such situations, I will consider only ordinary
points, by which I mean that the small neighbourhood
around them contains neither a singularity nor a horizon.
Within that small neighbourhood, a QFT may be set up.
Naturally, one now needs to precisely define the small
neighbourhood within which the QFT is set up. To that
end, it is helpful to think of the Christoffel symbols as
spurions that break Poincare´ symmetry. Returning to
the Killing equation and writing it out explicitly,
∂µKν + ∂νKµ + 2Γ
ρ
µνKρ = 0.
In the limit of vanishing Christoffel symbols, full
Poincare´ symmetry is recovered. The magnitude of
Γρµν (x) therefore indicates the degree to which Poincare´
symmetry is broken. On the scale of quantum processes
in weak gravitational fields, this can be safely ignored.
The size of the time translation spurion is of partic-
ular interest. To obtain this, one first fixes an ordinary
point X as the reference point and considers a nearby
point x. Using the notation of Appendix (A), the tetrads
eµ¯ν (X) can be used to define a local orthonormal basis
∂˜µ¯ = e
ν
µ¯ (X) ∂ν for vectors. Applying the Killing condi-
tion to the vector KX = (eν0¯ (X) ∂ν , 0, 0, 0) and using the
expansion in terms of local inertial coordinates described
in Appendix (A),
∇µKν +∇νKµ = −2
3
(
R˜0µνρ + R˜
0
νµρ
)
∆Xρ +O (∆X3)
where ∆Xρ = (xρ −Xρ). The condition for KX to be a
local time-like Killing vector is∣∣∣(R˜0µνρ + R˜0νµρ)∆Xρ∣∣∣≪ 1 (7)
In a region where (7) is satisfied, a local energy, EX , and
a QX vacuum can be defined as well as annililation and
creation operators, aωj (X) and a
⋆
ωj
(X), respectively
EX | 0X > = 0
aωj (X) | 0X > = 0.
(8)
The corresponding Fock space, FX , is constructed by
repeated application of a⋆
p
(X).
The same procedure can of course be applied at an-
other ordinary point X ′. In this case, energy eigenfunc-
tions and creation and annihilation operators will be re-
lated by Bogoliubov transformations
aωj (X
′) = D1aωj (X) +D−1a
⋆
ωj
(X) (9)
5whereD±1 are the Bogoliubov matrix elements with their
space-time dependence suppressed and aωj (X
′) satisfies
the conjugate equation. The QX′ vacuum is the state of
lowest energy with respect to EX′ and is annihilated by
aωj (X
′)
EX′ | 0X′ > = 0
aωj (X
′) | 0X′ > = 0
However, the QX vacuum is not the state of lowest energy
with respect to EX ,
EX | 0X′ > 6= 0
This can be seen by calculating the number density of
QX′ with respect to X
NX′ = < 0X
∣∣∣a⋆ωj (X ′) aωj (X ′)
∣∣∣ 0X >= |D−1|2 (10)
NX′ will only be zero if the space-time has a G vacuum.
If not, the QX′ vacuum is not empty with respect to the
QX vacuum - the gravitational field has created particles.
IV. A COSMOLOGICAL EXAMPLE
A. Bianchi I Universes
I now apply the result presented in the previous section
to a Bianchi Type I metric of the form
ds2 = dt2 −
3∑
j=1
r2j (t) dx
2
j , (11)
where rj (t) are arbitrary functions of time. This
describes a spatially homogeneous but non-isotropic
space-time, with isotropy recovered in the limit
rj (t) → r (t) ∀j for an arbitrary function r (t). The
isotropic limit is of course the FLRW metric used in
cosmology.
Time translation is obviously not a symmetry in this
case so gravitational particle creation is expected. It is
however useful to start by considering the time-like vec-
tor K = (1, 0, 0, 0) and seeing if there are any non-trivial
conditions under which it is a conformal Killing vector.
For illustrative purposes, it is useful to fix a k and per-
form the coordinate transformation dt2 = r2k (η) dη so
that the line element becomes
ds2 = rk (η)
2
dη2 −
3∑
j=1
r2j (η) dx
2
j .
The Lie derivative of the new metric with respect to K
is non-zero and does not satisfy the condition for being
a conformal Killing vector. However, in the isotropic -
FLRW - limit one finds
∇µKν +∇νKµ = − r˙
r
r2 =
r˙
r
gµν
where a dot denotes derivative with respect to η. A
conformal Killing vector therefore exists in the FLRW
limit, meaning that a G vacuum can be defined if
the QFT is conformally invariant. In other words,
massless particles cannot be created in an isotropic and
homogeneously expanding universe.
After using the coordinate transformation above to
show the existence of a conformal Killing vector in the
FLRW limit, I now revert to the original metric (11) for
the remainder of this work. The general case has no
time-like Killing vector, so a Q vacuum must be defined.
Fixing an arbitrary ordinary point X = (T, 0, 0, 0) on the
manifold, one constructs a locally inertial frame around
it. The spatial coordinates have been set to zero since
the manifold admits spatial translational invariance as a
symmetry. To linear order in |X |, (A5) gives the Rie-
mann normal coordinates
ξX (x) =
(
t, r−1j (T )x
j
)
(12)
for a neighbouring point x = (t+ T, x, y, z). Here, local
translational invariance was used to set ξµX (X) as the
origin. Condition (7) for metric (11) is
t2
∣∣∣(r−1j (T ))2 + rj (T ) r′′j (T )∣∣∣2 ≪ 1, (13)
The quantum scale associated to a particle of mass m
is its Compton wavelength, below which quantum effects
can no longer be ignored. One can therefore define the
reduced Compton time tC as the typical time scale asso-
ciated with quantum processes of that particle,
tC ≡ ~
mc2
, (14)
where the reduced Planck’s constant, ~, and the speed of
light c have been made explicit. Substituting tC into (13)
and calling R (T ) =
∣∣∣(r−1j (T ))2 + rj (T ) r′′j (T )∣∣∣ for clar-
ity (a scalar product over j is implied in the absolute
value),
~
2
m2c4
|R (T )|2 ≪ 1 (15)
From this, two things are immediately apparent:
1. For massive particles, condition (13) is violated
when R ≫ m, or the radius of curvature of the
space-time, R−1, is comparable to or much smaller
than the Compton wavelength of the particle. In
the cosmological context, this implies that quantum
effects due to semi-classical gravity are relevant in
the very early universe near the Planck time.
2. Gravitational particle creation is more relevant for
lighter particles. In the massless limit, quantum
effects cannot be ignored as (15) is badly violated.
Massless particles are therefore most relevant for
gravitational particle creation.
6Finally, it should be mentioned that this semi-classical
treatment of gravity is at best valid up until the Planck
scale. At those energies, quantum gravitational effects
can no longer be ignored. In the cosmological context
studied here, this means that the theory is only valid
for times t larger than the Planck time, tP , which can
be thought of as the Compton time of the Planck mass.
The validity of the semi-classical treatment can be pa-
rameterised by a dimensionless factor γ ≥ 1,
t ≥ γ tP = γ
√
~G
c5
≈ γ × 10−44 sec (16)
where γ = 1 is reserved for the most optimistic of theo-
rists.
B. Fermion Creation
I now proceed to explicitly show an important prop-
erty mentioned above using spin- 12 particles as an exam-
ple: massless particle creation in the anisotropic case but
not in the isotropic case. From Appendix (B), the Dirac
equation for fermionic fields in space-time (11) is[
iγ0
∂
∂t
+ i
3∑
j=1
r
−1
j γj
∂
∂xj
+
i
2
3∑
j=1
r′j
rj
γ0 −m
]
ψ = 0. (17)
where ′ denotes derivative with respect to time. I use the
Dirac representation in which the γ matrices are given
by
γ0 =
(
I2 0
0 −I2
)
γj =
(
0 σj
−σj 0
)
(18)
with j = 1,2,3. I2 is the 2×2 identity matrix and the σjs
are the Pauli matrices.
Since the metric is diagonal, (17) contains no mixed
derivative terms and separable solutions are appropri-
ate. The space-time is also spatially homogeneous, which
means that momentum is a conserved quantity. For a
fixed momentum p, one therefore considers solutions of
the form
ψα
p
= χαb (p, t) exp (iαp · x) (19)
where b labels a spinor index and α = ±1 represent neg-
ative and positive frequency modes respectively. Substi-
tuting (19) into (17),
iγ0
∂χαb
∂t
=

 3∑
j=1
αpjr
−1
j γj −
i
2
V −1V ′γ0 +m

χαb . (20)
The spin connection term can be absorbed into a redefi-
nition of χ (t) by substituting solutions of the form
χ (t) =
1√
r1 (t) r2 (t) r3 (t)
χ˜ (t)
into (20). As this results in an overall factor that drops
out of the equation, the tilde will be suppressed for con-
venience. From this substitution one obtains
iγ0
∂χαb
∂t
=

 3∑
j=1
αpjr
−1
j γj +m

χαb . (21)
In order to solve (21), initial conditions are required.
Taking these to be at the time T = γtp at which a lo-
cal inertial frame was set up in the previous section, one
considers a linear superposition
1∑
α=−1
apαs (T )χ
α
b (T )
where
χαb (t) ≡ exp
[
−iα
∫ t
T
dt′ ωp (t
′)
]
uαs (p, t) (22)
ω2
p
(t) =
3∑
j=1
(
pj
rj (t)
)2
+m2 (23)
Some comments about the form of the expression in (22)
are in order. An exact analytic solution is available only
for a limited number of functional forms of the scale
factors rj (t). The exponential phase with an integral is
obtained by “squaring” the Dirac equation (21), which
yields the corresponding second order Klein-Gordon
equation (hereafter referred to as KG) satisfied by
each component of the spinor and writing a solution
of the latter in terms of adiabatic mode functions, a
WKB-like solution first described in [2] and also used
in [6], [3] and [18]. For practical applications where an
analytic solution of the KG equation is not available for
Wp ≡
∫ t
T
dt′ ωp (t
′), a WKB solution such as the one
described in [18] is useful. One expands the solution
as an asymptotic series in derivatives of the metric and
truncates it at a given order.
The coefficients apαs and their adjoints are to be inter-
preted as annihilation and creation operators in the lo-
cal inertial frame at t = T after canonical quantisation.
uαs (p, t) carry spinor indices that have been suppressed
for clarity and a label s has been used in anticipation
of the spin projection that will be defined in the next
section. A general solution to (20) can be written as
χαb (t) =
1∑
α′=−1
Dαα′ (p, t)A
p
α′s exp [−iαWp]uαs
Dαα′ (p, t) are elements of the Bogoliubov matrix de-
scribing the mixing of positive and negative frequencies.
The complete to (17) can now be written as a superpo-
sition of plane waves
ψαs =
∫ √−g d3p
(2pi)3
∑
α′
Dαα′A
p
α′s
uα′s exp
(−iα′Wp + iαp · x)
(24)
7where the full solution involves sums over α and s. The
A
p
α′ss and their adjoints are the coefficients written as a
column vector
~A
p
α′s′ =
(
a
p
s′ (T )
b
†p
s′ (T )
)
(25)
To quantisatise the fermionic field, one imposes the anti-
commutation conditions on them which results in the fol-
lowing relations between the coefficients[
aps , a
†p′
s′
]
+
=
[
bps , b
†p′
s′
]
+
= δss′δpp′ . (26)
where the T labels have been suppressed for clarity. The
a
p
s′ (T ) and b
†p
s′ (T ) can now be interpreted as annihilation
and creation operators for a fermion and an anti-fermion
of momentum p and spin s′ respectively defined for the
locally inertial frame at t = T . They define a QT vacuum
a
p
s′ (T ) | 0T > = 0
b
p
s′ (T ) | 0T > = 0
(27)
which is empty with respect the local fermion
and anti-fermion number operators a†p
s′
(T )ap
s′
(T ) and
b
†p
s′
(T ) bp
s′
(T ) respectively. By applying the creation op-
erators to the QT vacuum, one generates a Fock space
of locally defined particles and anti-particles as long as
their wavelengths are not larger than the size of the local
inertial frame in question. For longer wavelengths this
approximate definition of particles and anti-particles is
no longer valid. One therefore imposes a lower bound
on the momentum, p>, determined by requiring that the
de Broglie wavelength of the particle, λB =
h
p>
, not be
larger than the size of the region defined by setting equal-
ity in (13). Writing factors of ~ and c explicitly,
p> =
~
c|R (T ) | . (28)
The creation and annihilation operators at an arbitrary
time t are
~aps (t) = D (p, t)
~Aps (29)
where D (p, t) is the Bogoliubov matrix. ~aps (t) must sat-
isfy anti-commutation relations (26) at all times, which
is another way of saying that the matrix D (p, t) must
describe canonical transformations. Direct substitution
of (29) into (26) shows that the following conditions must
hold
|Dαα|2 + |Dα−α|2 = 1 (30)
DααD
†
−αα +Dα−αD
†
−α−α = 0 (31)
Condition (30) can be implemented by normalising the
Bogoliubov coefficients with the factor
N = 1√|Dαα|2 + |Dα−α|2 .
Ultimately, one is interested in determining the number
density of created (anti-)particles, |Dα−α|2 . To that end,
a suitable form for uα′s (p, t) must be determined and
then used them to find expressions for Dαα′ (p, t).
Pseudo-Helicity Operator
A first step in attempting the two tasks mentioned
above is to substitute the solution for a single wave of
momentum p into (17),∑
α′
γ0
dDαα′
dt
uα′ =
∑
β
Dαβ exp
(−i (α′ − β)Wp)×
[
−γ0 d
dt
uβ +−i
(
βωpγ0 − α
3∑
j=1
pj
rj
γj −m
)
uβ
] (32)
where spin labels have been suppressed for clarity.
Within any locally inertial frame, one should re-
cover the Dirac equation in flat space-time. Inspection
of (32) shows that in the limit Dαβ (p, t) = δαβ and
u (p, t) independent of time - which are the appropriate
limits for a locally inertial frame at an arbitrary time t -
the only surviving term is
αωpγ0 − α 3∑
j=1
pj
rj
γj −m

uα = 0 (33)
This is the Dirac equation in flat space-time in terms of
locally inertial four momentum - uαs (p, t) must therefore
be the Dirac spinor. However, a difficulty arises imme-
diately. In flat space-time, the spinor is conveniently ex-
pressed in terms of two component helicity eigenstates.
Helicity, which represents the component of the parti-
cle’s spin along its direction of motion and is a conserved
quantity in flat space-time, is defined by the operator
Σp =
1
|p|
(
σ · p 0
0 σ · p
)
(34)
where the σjs are the Pauli matrices. In the most
general curved space-time, neither the Hamiltonian nor
the helicity operators represent conserved quantities.
How then does one make sense of spin and helicity in
curved space-time?
For the FLRW spacetime considered in [3], the he-
licity operator commutes with the Hamiltonian as
a consequence of the spatial isotropy of the metric.
Inspection of (21) in the limit rj → r ∀j shows that the
commutation of the helicity operator with the Hamilto-
nian implies that the spinor remains an eigenvector of
the helicity operator at all times.
For spacetime (11), the Hamiltonian operator is
H =
3∑
j=1
α
pj
rj
γ0γj − i
2
V −1V ′ +mγ0 (35)
It is easily verified that the helicity operator (34) does not
commute with the Hamiltonian. However, the operator
ΣP
p
=
1
p˜
(∑3
j=1 σj
pj
rj
0
0
∑3
j=1 σj
pj
rj
)
(36)
8does. Here p˜ ≡
√∑3
j=1
(
pj
rj
)2
.
Dirac spinors in the pseudo-Helicity basis
Eigenvectors of operator (36) are therefore particularly
suitable for representing the Dirac spinor. I will call ΣP
p
the pseudo-Helicity operator as it is the flat space-time
helicity operator in any locally inertial frame. In the
FLRW limit, the pseudo-Helicity operator reduces to
the helicity operator (34) as the inverse scale factor
r−1 (t) drops out of the matrix in (36) and is canceled
by p˜ (t) = r (t) p , with p the magnitude of the (three)
momentum vector. One can therefore have a meaningful
notion of helicity over the entire manifold in FLRW
space-times while in Bianchi Type I metrics of the
form (11), helicity can only be well defined locally.
In choosing Dirac spinors for a general curved space-
time, one therefore seeks solutions to (33) with uαs (p, t)
eigenvectors of the pseudo-Helicty operator. These are
u1s = N
(
ξs
sp˜
ωp+m
ξs
)
, u−1s = N
(
sp˜
ωp+m
ξs
ξs
)
(37)
where ant-fermion spinors are understood to have neg-
ative momentum, N is a normalisation factor for the
spinors, and
ξs =
(
1
f s (p)
)
, f s (p) ≡
p1
r1
+ i p2
r2
p3
r3
+ sp˜
(38)
When the sign of the momentum is switched, ξs → ξ−s.
Therefore, an anti-particle of spin s should be under-
stood as an anti-spinor with ξ−s (−p). As this does not
affect calculations, it will not be made explicit to avoid
cumbersome notation. It will be convenient to pick
N =
√
ωp +m
2m 2s ξ†sξs′
, ξ†sξs
′
=
2sp˜
p3
r3
+ sp˜
δss′
for later computations. With this normalisation, the
spinors satisfy
u¯α′s′uαs = δα′αδss′ (39)
where u¯α′s = u
†
α′sγ0.
C. Bogoliubov Matrix Elements
With this choice of spinors, equation (32) for the Bo-
goliubov matrix elements now simplifies to
∑
α′
γ0
dDαα′
dt
uα′ =
∑
β
Dαβ exp
(−i (α′ − β)Wp)
(
−γ0 d
dt
uβ
)
(40)
The orthogonality relation (39) can be used to isolate
each component of the Bogoliubov matrix. Multiply-
ing (40) from the right by u†α′s,
dDαα′
dt
=
∑
β
Dαβθαα′β (t) (41)
where
θαα′β (t) ≡ −α′ exp (−i (α′ − β)Wp)
(
u¯(α′,s)
d
dt
u(β,s)
)
Integrating equation (41), one obtains a system of cou-
pled linear Volterra integral equations of the second kind
with kernel θαα′β (t)
Dαα′ (t) = Dαα′ (T )−
∑
β
∫ t
T
dt
′
Dαβ
(
t
′
)
θαα′β
(
t
′
)
(42)
In general, equation (42) will not be solvable analytically.
However, for times small compared to a characteristic
value τ associated with the scale factors rj (t), a Neu-
mann series solution can be written by using the inverse
of τ as a small parameter. To see this, one considers a
rescaled time t → τt, which weighs each derivative by
a factor of 1
τ
≡ λ. Since the kernel (see (45) below)
contains only one time derivative, an iterative solution
to (42) can be written as a power series in λ:
Dαα′ (η) = D
0
αα′
∞∑
n=0
λn
(∫ t
T
dt′ θα
′
αα′
)n
+D0α−α′
∞∑
n=1
λn
(∫ t
T
dt′ θ−α
′
αα′
)n (43)
where(∫ t
T
dt
′
θ
β
α′
(
t
′
))0
= 1(∫ t
T
dt
′
θ
β
α′
(
t
′
))n
=
∫ tn−1
T
dt1...dtn θ
γ1
α′
θ
γ2
γ1
...θ
β
γn−1
,
and α labels have been suppressed for clarity. For the
remainder of this work I will suppress powers of λ to
lighten the notation but it should be understood that the
results are only valid for times equal to or smaller than a
characteristic time associated with the scale factors rj (t).
D0αα′ ≡ Dαα′ (T ) are the initial value of the Bogoliubov
matrix elements. By construction, at the initial time
t = T , the vacuum is empty and only pure states are
present, implying
D0αα′ = δαα′ (44)
Using the explicit form of the spinors given in (37), the
9kernel elements θα α′β (t) are
θα−αα (t) =
α
ωp
1
2p˜
3∑
j=1
(
pj
rj
)2 r′j
rj
exp (i2αWp)
θααα (t) = i
p1
r1
p2
r2
p3
r3
+ sp˜
1
2p˜
(
r′1
r1
− r
′
2
r2
) (45)
It can additionally be verified that
θα−αα (t) = − θαα−α (t)
θααα (t) = − θα−α−α (t) (46)
Having obtained expressions for kernels of the Bogoli-
ubov matrix elements, one naturally proceeds to find a
closed form integral expression for them. It is found after
some tedious algebra that the easiest way to make these
Bogoliubov transformations canonical - having (29)
obeying (26) - is to impose θααα (t) = 0, or r1 (t) = r2 (t).
There are less constraining ways of achieving canonical
transformations, most notably by normalising the coeffi-
cients with the factor N mentioned above. However, as
this diverts from the main subject treated in this work,
I shall not consider them here and will henceforth set
r1 (t) = r2 (t), which result in the Bogoliubov matrix
elements being simple trigonometric functions that auto-
matically satisfy normalisation conditions (30) and (31).
Using (46) and imposing time-ordering as is familiar
from Quantum Field Theory, the Volterra integral solu-
tion for the Bogoliubov matrix elements are
Dαα (t) = cos (Θα−αα (t))
Dα−α (t) = sin (Θα−αα (t))
(47)
where Θα−αα (t) =
∫ t
T
θα−αα (t). The trigonometric form
of the solution is what one expects for fermionic Bogoli-
ubov transformations. Two other properties are imme-
diately verified
D
†
αα′ (t) = Dαα′ (t)
Dαα′ (t) = (−1)α
′−α
D−α−α′ (t)
(48)
and, from these, it can be seen that (30) and (31) are sat-
isfied, making the Bogoliubov transformations canonical.
Finally, the time-dependent number density - num-
ber of particles per unit volume at a time t - of created
fermions is
N (t) =
∑
s
< 0T
∣∣∣a†ps′ (t) aps′ (t)∣∣∣ 0T >
= 2 sin2 (Θα−αα (t))
(49)
where the factor of 2 comes from the sum over spins.
The number density of created anti-fermions is the same
as the theory has no source of global U (1) symmetry
breaking.
D. Massless and Infinite Mass Limits
I now come to the explicit proof that massless particles
creation is possible in an anisotropic background space-
time but vanishes when the isotropic limit is taken. As
mentioned previously, several authors (see for example
[2], [3], and [5]) have shown that no massless particles
of non-zero spin - or spin zero particles but conformally
coupled to the Ricci scalar - are created in an FLRW uni-
verse. Bronnikov and Tagirov, in particular, discussed
the vacuum and the construction of Fock spaces for an
FLRW space-time extensively in [5]. Their work con-
siders only scalar fields conformally coupled to the Ricci
scalar but the main argument applies to particles of non-
zero spins as well: in a FLRW space-time and in the
absence of a (conformal symmetry breaking) mass term
a conformal time-like Killing vector and, by extension a
G vacuum, exists. To see this, it is best to first define two
terms for a general metric. A conformal transformation
is a local rescaling of the line element defined by
gµν (x) dx
µdxν → exp [−2Ω (x)] gµν (x) dxµdxν (50)
with Ω (x) a continuous, non-vanishing, finite, real func-
tion. A manifold M with a metric gµν (x) is said to be
conformally flat if there exists a space-time transforma-
tion which allows the line element to be recast in the
form
gµν (x) dx
µdxν = H2 (x) ηµνdx
µdxν (51)
where H (x) is an arbitrary function of space-time.
Conformally flat metrics belong to the same equivalence
class as the Minkowski metric and the former can
be transformed into the latter through a conformal
transformation.
From this, it is evident that the FLRW metric
is conformally flat. The coordinate transformation
dt2 = r2 (t) dη2 that was used in Section (IVA) to show
the presence of a conformal Killing vector casts the
FLRW metric into a conformally flat form. This can
now be better understood: the FLRW metric belonging
to the same equivalence class as the Minkowski metric,
the two are equivalent and have the same symmetries
up to a conformal transformation. When the theory is
conformally invariant, time translation is therefore a
symmetry and a G vacuum can be defined.
For the gravitational creation of massless fermions, one
is concerned with how independent components of the
anti-symmetric spin connection, ωνρµ , transform under a
conformal transformation. For space-time (11), the spin
connection is just the time derivative of the scale fac-
tor in a particular direction. Its non-zero independent
components transform as
ω
j0
j = r
′
j (t)→ r′j (t)− Ω′ (t) (52)
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where j = 1, 2, 3 and Ω (x) is chosen to be a function of
time only. Clearly, by picking
Ω (t) = rj (t)
for a fixed j at least one component of the spin-
connection for space-time (11) can be eliminated. More
than one component can be eliminated if the rj (t)s are
not all distinct. In particular, in the FLRW limit all
three independent components are eliminated.
For the creation of massless particle creation in space-
time (11) assuming r1 = r2, it is convenient to write the
different scale factors as
r1 (t) = r2 (t) = r (t)
r3 (t) =
√
δ2 (t) + r2 (t)
(53)
where δ (t) is a measure of the anisotropy, which need not
be small. Under a conformal transformation with Ω (t) =
r (t), equation (45) for the non-zero kernel element is
θα−αα (t) =
1
2p˜2
p23
1 +
(
δ
r
)2 δ′ (t) δ (t)√
1 +
(
δ
r
)2 exp (i2αWp) ,
(54)
where it is assumed that p˜ and Wp are appropri-
ately transformed. In the FLRW limit δ (t) = 0 and
Θα−αα (t) = 0 - there is no massless fermion production,
as anticipated.
Finally, it is easily shown, as a consistency check,
that fermion creation stops in the infinite mass limit:
θα−αα (t) vanishes due to dependence on the inverse mass
through the 1
ωp
factor in (45). This verifies the claim
made previously that gravitational particle creation is
more substantial for lighter particles - in the infinite mass
limit, there is no particle creation, as one might expect
intuitively.
V. SOME COSMOLOGICAL IMPLICATIONS
In this final section I mention some areas where
massless gravitational particle creation might be con-
sequential. Since the latter is not possible in isotropic
universes, this is of particular interest for cosmological
models with an early anisotropic phase. For a full
computation one would need to evaluate the energy
momentum tensor, most likely numerically using specific
models of anisotropic gravitational fields such as the
Krasner metric used in [6]. This formidable undertaking
is left as a future work. Nonetheless, one can get
a flavour of things to come by considering various
approximations.
To estimate Θα−αα (t), the exponential phase factor
in (45) can be neglected since, from the Euler formula,
this introduces an order one correction at most. In the
massless limit and assuming r1 (t) = r2 (t),
Θα−αα (t) ∼ α
2
log
[
p˜ (t)
p˜ (T )
]
(55)
where p˜ (t) =
√
p21 + p
2
2 + p
2
3
(
r3(t)
r(t)
)2
. Here, conformal
symmetry has been used to absorb r1 (t) = r2 (t) = r (t)
into a redefinition of the scale factors. In the FLRW
limit, r3 (t) = r (t), the right-hand side of (55) is the
logarithm of unity, which is zero - massless gravitational
fermion creation is not possible. An estimate for energy
density, ǫ, of created fermions is
ǫ ∼
∫
d3p p˜ (t) sin2
[
α
2
log
(
p˜ (t)
p˜ (T )
)]
(56)
As before, I define δ2 (t) = r23 (t)− r2 (t) for convenience.
Using the double angle formula and neglecting the result-
ing cosine term, which is at most an order one correction
to the ∼ Λ4 dependence of the energy density (Λ is a
momentum cutoff),
ǫ ∼ 2π Λ
4
(~c)
3
[√
δ2 (t) + r2 (t) +
r (t)
δ (t)
sinh−1
[
δ (t)
r (t)
]]
where the ~ factor is made explicit. Clearly, for large
anisotropies,
δ (t)
r (t)
≫ 1,
the energy density of the gravitationally produced mass-
less particles is substantial. This is of interest in situ-
ations where a large anisotropy results in a substantial
backreaction on the metric, and for a quantitative esti-
mate one must compare this energy density to that of the
background gravitational field, ǫG, obtained from the 00
component of the Einstein tensor (without a cosmological
constant term). Writing factors of c and G explicitly,
ǫG =
c4
8πG
[(
r′ (t)
r (t)
)2
+ 2
r′ (t) r′3 (t)
r (t) r3 (t)
]
For a measure of the back-reaction on the metric the
ratio of the energy densities ǫ and ǫG must be found. To
that end, one writes the momentum cutoff in terms of
the dimensionless parameter γ ≥ 1 defined previously as
T = γtP and obtains Λ = ~T
−1. The resulting ratio is
ǫ
ǫG
∼ 8π2 ×
(
tP
T
)2
× δ
2 (t) r (t)
r′ (t) δ′ (t)
. (57)
At late initial times, T ≫ tP , the backreaction of the
created fermions on the metric is small. However, as
T approaches tP , the energy density is substantial and
may cause backreaction that substantially alters the
form of the metric. Even if one assumes T ≈ (103) tP ,
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this suppression in (57) can be compensated with large
anisotropies from the δ dependence of the same expres-
sion. Therefore, an early anisotropic phase and the
resulting massless fermion creation may find applications
to several problems of interest to Particle Physics and
Cosmology, three of which I mention briefly here.
Dark Matter Production: Gravitational particle
creation as a mechanism for generating dark matter was
discussed in [12] and [13], where the authors consider the
production of very heavy particles in an FLRW universe.
As shown in this work, this effect is less substantial for
high mass particles, and massless particles cannot be
created in FLRW universes. Hence, in FLRW universes
one is left with the gravitational production of very
massive particles, a process that is not efficient.
A better mechanism suggests itself if one considers
that these masses are generated through a scalar ac-
quiring a vacuum expectation value (VEV). The main
result of this work is that in a cosmological model with
a very early anisotropic phase a substantial amount of
massless particles will be produced. These can acquire a
mass later as the scalar acquires a VEV. In addition to
being more efficient, this is also less restrictive as there
is no imposition on when the VEV has to appear. In the
FLRW case, since the particles have to be massive to be
produced and production has to happen in the very early
universe to be substantial, the phase transition for the
appearance of the VEV is restricted to near Planck times.
Primordial Magnetic Fields: Astrophysical observa-
tions indicate a lack of GeV range photon detection from
astrophysical sources known to reach TeV level energies.
The simplest explanation for this is the presence of
magnetic fields which deflect the photons accelerated
by inverse Compton scattering [14]. A compelling
explanation that has received significant attention in the
literature is that some physical process generates a seed
field which is then amplified by a dynamo mechanism
- see [15] for a review. If one is focused on early
universe solutions to the problem, the main difficulty
to overcome is that photons, being massless, are not
produced in an FLRW universe. The reason for this is
exactly the same as for fermions discussed in this work:
the presence of a time-like conformal Killing vector
results in a G vacuum and there is no gravitational
photon creation. The approach most commonly taken
in the literature to circumvent this problem has been
to introduce conformal symmetry breaking interactions
that enable the generation of magnetic fields. However,
the conclusion of this section applies to photons as well:
an early anisotropic phase would produce a potentially
substantial amount of photons that may provide a seed
magnetic field that is later amplified. The viability of an
early anisotropic phase as a mechanism for primordial
magnetogenesis is left as a future work.
Anisotropic Cosmological Collapse: Massless particle
creation in Bianchi Type I space-times might be of inter-
est in the study of cosmological collapse. Classically, it is
well established that if the Hawking-Penrose singularity
theorems apply, any cosmological contracting phase
ultimately results in the formation of a singularity. Zel-
dovich and Starobinsky discussed the subject briefly in
[6], arguing that the substantial scalar particle creation
as the cosmological singularity is approach is unlikely
to halt cosmological collapse or change the dynamics
from a contracting phase to an expanding one. It is
doubtful that this conclusion changes with fermions,
even though the large energy density of created particles
found in this work as the Planck time is approached
will result in a similarly large degeneracy pressure.
However, a quantitative study of anisotropic versus
isotropic collapse in the presence of spin- 12 fields is
well motivated on account of the gravitational creation
of massless fermions in the former case but not the latter.
As a final note I would like to mention that even though
this work has considered only the Bianchi Type I space-
time, the main conclusion carries over to other cosmo-
logical scenarios such as large inhomogeneities in early
times or FLRW space-times with inhomogeneous pertur-
bations. As long as the cosmological model considered
is not conformally flat massless particles will be created,
with all the interesting consequences mentioned here.
Appendix A: Tetrad Formulation Of General
Relativity
The tetrad formulation of General Relativity has
been used extensively in this work for the setting up of
the quantisation method and subsequently in treating
spin- 12 fields in curved space-time. As this is not such
a common topic, I will introduce it briefly in this
Appendix. The interested reader is invited to see [7] for
a thorough review. The following conventions are used:
bars represent Lorentz indices, raised and lowered with
the Minkowski metric ηµν , unbarred indices represent
generally covariant indices, raised and lowered with
gµν (x), and repeated indices of the same kind are
summed over.
The prescription for incorporating gravity into a
physical system is to replace all Lorentz tensors with
objects that are covariant under general coordinate
transformations. Mathematically, this means that in
General Relativity the Poincare´ symmetry group of Spe-
cial Relativity is extended to the GL(R, 4) group. This
approach works for Lorentz vectors and tensors but not
for spinors as there are no representations of GL(R, 4)
that transform like spinors under the Lorentz subgroup.
To introduce spinors in curved space-time, one must use
the tetrad formulation of General Relativity.
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Under a coordinate transformation xµ → ξµ (x), the
line element transforms as
gµν (x) dx
µ
dx
ν → gµν (ξ) ∂ξ
ρ
∂xµ
∂ξσ
∂xν
dx
ρ
dx
σ = g˜µν (ξ) dξ
µ
dξ
ν
(A1)
Invoking the equivalence principle, one can choose, at an
arbitrary point X , a set of locally inertial coordinates ξρ¯X
such that g˜µν (X) = ηµν . In other words,
gµν (X) dx
µ
dx
ν =
∂ξ
ρ¯
X
∂xµ
∂ξσ¯X
∂xν
|x=X ηρ¯σ¯dxρ¯dxσ¯
∂ξσ¯X
∂xν
|x=X ≡ eρ¯µ (X)
(A2)
The eρ¯µ (x) are called tetrads (or vierbiens) and can be
raised and lowered as follows
eρ¯µ (x) = η
ρ¯σ¯gµνe
ν
σ¯ (x) (A3)
Tetrads provide a local orthonormal basis for vectors.
One can write any vector field V µ (x) in terms of the
coordinate system ξρ¯X (x) locally inertial at x = X ,
V
µ¯
X (x) ≡ eµ¯ν (x) V ν (x) (A4)
where the subscript X is used to indicate the fact that
one has used a basis for the vectors that is locally
orthonormal at the point X .
The local inertial coordinates can be expanded in
powers of X [8]:
ξ
µ¯
X (x) = ξ
µ¯
X (X) + (x
ρ −Xρ) eµ¯ρ (X)
+ (xρ −Xρ) (xσ −Xσ) Γλρσ (X) eµ¯λ (X) +O
(
X
3)
(A5)
The transformed metric, g˜µν (ξ), and Christoffel symbols,
Γ˜λµν (ξ), in that local inertial frame are
g˜µν (ξ) = ηµν − 1
3
R˜µρνσ (ξ0) (ξ
ρ − ξρ0) (ξσ − ξσ0 ) +O
(
ξ3
)
Γ˜λµν (ξ) = −
1
3
(ξρ − ξρ0 )
(
R˜λµνρ (ξ0) + R˜
λ
νµρ (ξ0)
)
+O (ξ3)
(A6)
where xµ (ξ0) = X
µ and R˜λµνρ (ξ0) is the transformed
Riemann tensor
R˜µρνσ (ξ0) =
∂2gµσ
∂xρ∂xν
|ξ=ξ0−
∂2gµν
∂xρ∂xσ
|ξ=ξ0+O
(
ξ3
)
(A7)
Appendix B: Spinors In Curved Space-time
Spin- 12 particles in a background gravitational field are
described by the covariant generalization of free Dirac
equation, with the covariant derivative that includes a
spin connection. A spinor ψ (x, t) existing on a curved
background space-time satisfies
i
[
e
µ
ν¯γ
ν¯Dµ −m
]
ψ (x, t) = 0, (B1)
with Dµ is the covariant derivative for spinor fields
Dµ = ∂µ − i
4
ωρ¯λ¯µ σρ¯λ¯
σρ¯λ¯ =
i
2
[γρ¯, γλ¯]−
(B2)
The 4×4 γ matrices satisfy the Clifford Algebra
[γµ, γν ]+ ≡ γµγν + γνγµ = 2ηµν (B3)
Defining γ˜µ ≡ eµν¯γν¯ ,[
γ˜µ, γ˜ν
]
+
= 2gµν (B4)
The σρ¯λ¯ furnish a local spinor representation of the
Lorentz group. The ωρ¯λ¯µ are the spin connection, anti-
symmetric in ρ¯λ¯ exchange, defined in [11] as:
ωρ¯λ¯µ =
1
2
eρ¯αeλ¯β (Cαβµ − Cβαµ − Cµαβ)
Cαβµ ≡ eκ¯α (∂βeκ¯µ − ∂µeκ¯β)
(B5)
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